The failure probability of a series structural system theoretically involves multidimensional integration and is usually difficult to calculate. The search for efficient computational procedures for estimating system reliability has resulted in several approaches, including bounding techniques and efficient Monte Carlo simulations. For the narrow bound method, the joint failure probability of every pair of failure modes needs to be calculated. In the present paper, in order to improve the accuracy of the narrow bound estimation method, a computationally effective point estimation method for calculating the joint probability of every pair of failure modes is proposed and examined for series systems. Based on the computational results of several illustrative examples, it can be seen that the results by the present method are in good agreement with those obtained through integration.
Introduction
The evaluation of system reliability for structures has been an active area of research for over three decades. According to the logical relationship of the failure modes of structures, structural systems can be divided into three types: series systems, parallel systems, and hybrid structural systems. Of interest here is the reliability assessment of series systems, which is encountered most frequently in practical design and analysis.
The failure probability of a series structural system theoretically involves multidimensional integration, which is usually difficult to evaluate, especially for structures of practical significance. The search for efficient computational procedures for estimating system reliability has resulted in several approaches, including bounding techniques and efficient Monte Carlo simulations ͑MCS͒.
The bounding methods include the wide bound estimation method and the narrow bound estimation method. For the narrow bound method, the joint failure probability of every pair of failure modes needs to be calculated. In this study, in order to improve the accuracy of the narrow bound estimation method, a point estimation of the joint failure probability of series structural systems is proposed and examined.
Review of System Reliability of Series Systems
Consider a series structural system with k possible failure modes, and let the performance function for failure mode i be given by g i ͑X͒ = g i ͑x 1 ,x 2 ,¯,x n ͒; i = 1,2,¯,k ͑1͒
where x 1 , x 2 , . . . ,x n are the basic random variables and g i ͑·͒ is the performance function. Define the failure event for failure mode i as
Since the occurrence of any failure event E i will cause the failure of the structure, the failure event E of the structure is the union of all the possible failure modes, which can be expressed as
In structural reliability theory, the failure probability P f of a series structural system corresponding to the occurrence of the event E of Eq. ͑3͒ theoretically involves the following integration:
where f͑·͒ is the pertinent joint probability density function.
The evaluation of the above multidimensional integration is often difficult, especially for structures of practical dimensions. For this reason, approximate methods have been proposed and developed. These include the following "wide" bound technique for the failure probability of series structural systems ͓e.g., Cornell ͑1967͔͒:
where P fi is the failure probability of the ith failure mode. Since only the failure probability of a single failure mode is considered and the correlation of the failure modes is neglected, the above wide bound estimation method is simple to evaluate; however, the bounds can be very wide, especially for a complex system.
A "narrow" bound estimation method for the failure probability of series systems is also available ͑Ditlevsen 1979͒
where P fij is the joint probability of the simultaneous occurrences of the ith and jth failure modes. The left-and right-hand sides of Eq. ͑6͒ are, respectively, the lower bound and upper bound of the failure probability of a series structural system with k potential failure modes. Observe that because the joint probability of simultaneous failures of every pair of failure modes must be evaluated, the resulting bounds of Eq. ͑6͒ are narrower than those of Eq. ͑5͒.
As is well known, P fij can be expressed by ͑Ang and Tang 1984͒
The reliability indices ␤ i and ␤ j correspond to the ith and jth failure modes, respectively; ij is the correlation coefficient between the ith and jth failure modes; and 2 ͑·͒ and ⌽ 2 ͑·͒ are the probability density function and cumulative distribution function, respectively, of 2D standard normal distribution.
Eq. ͑7͒ is an accurate expression for P fij . To obtain the results, however, numerical integrations would be needed. To avoid such numerical integrations, further approximations are often adopted ͑involving further bounds for P fij ͒. Specific formulas for evaluating the lower and upper bounds of the joint failure probability P fij were proposed by Ditlevsen ͑1979͒ as follows:
Since Eq. ͑9͒ is a bound rather than a specific value, it is not convenient to use in Eq. ͑6͒. Feng ͑1989͒ gave a point estimate for the joint failure probability P fij as
where the definitions of P͑A͒ and P͑B͒ are the same as those in Eq. ͑9͒ and can also be calculated by Eq. ͑10͒. Since Eq. ͑11͒ is a specific value rather than a bound, it is convenient and considered to have high accuracy to be used in Eq. ͑6͒ for obtaining the narrow bounds of the system reliability ͑Wu and Burnside 1990; Song 1992; Penmesta and Grandhi 2002; Adduri et al. 2004͒ . As described by Feng ͑1989͒, when the correlation coefficient ij = 0 or 1, Eq. ͑11͒ gives accurate solutions, whereas when 0 Ͻ ij Ͻ 1, the calculational accuracy is reasonably high, especially when ij ഛ 0.6. However, as will be shown later, the lower bound Fig. 1 . Probability calculation of P f12 in standard normal space obtained with Eq. ͑11͒ can sometimes be lower than the lower bound given by Eq. ͑9͒. The present paper proposes an alternate method for estimating the joint failure probability, P fij .
Proposed Point Estimate of Joint Failure Probability
To express the formulas more conveniently, ␤ 1 and ␤ 2 are used to represent ␤ i and ␤ j , respectively, and is used to represent ij . Without loss of generality, assume 0 Ͻ␤ 1 ഛ␤ 2 .
Let Z 1 and Z 2 be the limit state functions in standard normal space corresponding to ␤ 1 and ␤ 2 ; then, the geometrical relationship between Z 1 = 0 and Z 2 = 0 can be depicted in Fig. 1͑a͒ when ␤ 1 / ␤ 2 ജ and in Fig. 1͑b͒ when ␤ 1 / ␤ 2 Ͻ.
Let the angle between OB ͑␤ 1 ͒ and OC ͑␤ 2 ͒ be v; then = arccos͑͒ ͑ 12͒
In Fig. 1 , the crossing point of Z 1 = 0 and Z 2 = 0 is point A. Define the length of the line segment OA as crossing index ␤ 0 , and denote the angle between OA and OB as v 1 and the angle between OA and OC as v 2 ; then v 1 and v 2 can be expressed as
With the aid of the geometrical relationships of ␤ 0 , ␤ 1 , and ␤ 2 , ␤ 0 can be given as ͑see Appendix I͒
͑14͒
Let V 1 denote the area of the failure zone between ray OA and Z 1 = 0, and V 2 denote the area of the failure zone between OA and Z 2 = 0, shown as the respective shaded zones in Fig. 1 . The angle ЄOAB is equal to /2−v 1 and the angle ЄOAC is equal to /2−v 2 . Since the joint failure probability P f12 is the area of the failure zone between Z 1 = 0 and Z 2 =0, P f12 can be given as the following equation according to the geometrical relations in Fig. 1 :
In particular, when ␤ 1 / ␤ 2 = , ␤ 0 = ␤ 2 . Then one can see that V 2 = P f2 / 2 from both Fig. 1͑a͒ and Fig. 1͑b͒ , which means that both the formulas in Eq. ͑15͒ give the same results for
When v m ജ/4 ͑where m =1,2͒, V m of Eq. ͑15͒ can be obtained by constructing two perpendicular lines, DDЈ and EEЈ, through point A; the crossing point of Z 1 = 0 and Z 2 = 0. Let the angle ЄDAO= Є EAO= / 4, as shown in Fig. 2 .
Obviously, if EEЈ and DDЈ are considered to be limit state lines, both of their corresponding reliability indices would be ␤ 0 / ͱ 2. Since EEЈ and DDЈ are perpendicular, the probability associated with the area enclosed by ЄEЈADЈ ͑gray area in 
Hence V m can be given as 
In order to obtain VЈ, draw two perpendicular lines DDЈ and EEЈ through point A. Let the angle ЄDAO= Є EAO= /4, as shown in Fig. 3͑b͒ . Obviously, both of the reliability indices corresponding to the limit state lines EEЈ and DDЈ would be ␤ 0 / ͱ 2, and the probability corresponding to the area defined by the angle ЄEЈADЈ ͓gray area in Fig. 3͑b͔͒ can be obtained as ⌽ 2 ͑−␤ 0 / ͱ 2͒ because EEЈ and DDЈ are perpendicular.
Since the angle between OA and FFЈ ͓the shaded zone in 
Then Eqs. ͑͑17͒ and ͑18͒͒ can be written as
Eqs. ͑15͒ and ͑20͒ are the proposed formulas for estimating the joint failure probability P f12 .
When v m = / 4, according to Eq. ͑13͒, ␤ 0 = ͱ 2␤ m , then P m
In this case, the two formulas in Eq. ͑20͒ give the same results.
The formulas also can be written as follows:
where
in which P 1 and P 2 can also be expressed as follows ͑see Appendix II͒:
Eqs. ͑24͒ are almost the same as P͑A͒ and P͑B͒ in Eq. ͑10͒ if one uses ␤ 1 , ␤ 2 , and to represent ␤ i , ␤ j , and ij , respectively, in Ditlevsen's formula.
In particular, when = 0, it can be seen that v = arccos͑0͒ = / 2 and ␤ 0 = ͱ ␤ 1 2 + ␤ 2 2 ; then
, and v 1 ജ v 2 , one can see that v 1 ജ/4. Then P f12 is given by
Another special case is when = 1. Obviously, P f12 cannot be directly given by the equations given above since ␤ 0 is not defined when = 1. In this case, when → 1, we have ͑see Appendix III͒ lim →1 P f12 = P f2 ͑26͒
Examination through Specific Examples
In order to evaluate the advantage or superiority of the proposed method, a number of series structural systems are examined. Example 1
Consider first a series structural system with only two failure modes. Several cases are examined to compare the results by different methods as follows. When the reliability indices of the two failure modes are the same, the results for P f12 are presented in Figs. 4͑a-c͒ with ␤ 1 = ␤ 2 =2; ␤ 1 = ␤ 2 = 3; and ␤ 1 = ␤ 2 = 4, respectively, and for various correlation coefficient . Figs. 4͑a-c͒ show the solutions obtained by integration, the Ditlevsen's bounds, Feng's point estimation, and the point estimation proposed here. From the figures, it can be seen that ͑1͒ Ditlevsen's bounds correctly bound the integration results; ͑2͒ the results by Feng's method are quite close to the integration results; and ͑3͒ the results given by the present method have a better agreement with the integration method than those by Feng's method.
When the reliability indices for the two failure modes are different, the variations of the joint failure probability P f12 with respect to the correlation coefficient are depicted in Figs. 4͑d-f͒, respectively, for ␤ 1 = 2.5, ␤ 2 = 3.5; ␤ 1 =2, ␤ 2 = 4; and ␤ 1 =1, ␤ 2 = 5. From these figures, it can be seen that the integration results are always located between the narrow bound solutions.
Both the results by Feng's method and the present method have good agreement with the integration method when = 0 and = 1. However, whereas the results by the present method have a good agreement with those by integration for all three cases, the results given by Feng's method tend to be lower than the lower bound solution, especially for large , and this discrepancy becomes very large for significant differences in the two reliability indices ͓Fig. 4͑f͔͒.
The variations of the joint failure probability P f12 with respect to the difference between the reliability indices for two failure modes are depicted in Figs. 5͑a and b͒, respectively, for ␤ 1 =2, = 0.5, and for ␤ 1 =2, = 0.8. From these figures, it can be seen that the larger the difference between the two reliability indices, the narrower the reliability bound width. Feng's method gives good results for the small difference between the two reliability indices, and the present method gives good approximation of the integration results for the whole investigation range.
Example 2
Consider next a series structural system with four failure modes, in which the first-order reliability indices for the four individual failure modes have been obtained as ␤ 1 = 2.5, ␤ 2 = 2.5, ␤ 3 = 3.0, ␤ 4 = 3.5, and the correlation coefficient between every pair of failure modes is assumed to be = 0.86. The joint failure probability results, P fij , calculated by different methods are listed in Table 1 , and the corresponding results for the system failure probability, P f , are listed in Table 2. From Tables 1 and 2 , it can be seen that the results by the present method are between the lower and upper bounds and are in good agreement with those obtained by numerical integration. Also, the bounds obtained with the present method are the narrowest among all the methods.
Example 3
Consider a one-story one-bay elastoplastic frame shown in Fig. 6 ͓after Ono et al. ͑1990͔͒. The loads M i and member strengths S i are independent log-normal random variables with mean values of M1 = M2 = 500 ft kip, M3 = 667 ft kip, S1 = 50 kip, S2 = 100 kip and standard deviations of M1 = M2 = 75 ft kip, M3 = 100 ft kip, S1 = 15 kip, S2 = 10 kip. The performance functions that correspond to the six most likely failure modes obtained from stochastic limit analysis are listed below, with the FORM reliability index for each mode given in parentheses to show the relative dominance of the different modes:
Using the performance functions listed in Eq. ͑27͒, the correlation matrix is as follows: and the joint failure probability for each pair of failure modes are given in the following matrix: from which the lower and upper bounds of the system failure probability are obtained, respectively, as 7.017· 10 −4 and 9.331· 10 −4 . The corresponding MCS solution using a 10-million sample size is 6.147· 10 −4 with a COV of 1.275%. One can see that the MCS result is outside the indicated bounds. This is because the FORM reliability indices used in calculating the above bounds are not accurate for each performance function. Using the 4M approach ͑Zhao and Ang 2003͒, the reliability indices are more accurately obtained as 3. 293, 3.623, 3.629, 3.629, 3.871, 3 .957, corresponding to the six respective performance functions of Eq. ͑27͒. With these latter reliability indices, the joint failure probability for each pair of failure modes is then obtained as follows: from which the bounds of the system failure probability become 5.844· 10 −4 and 7.147· 10 −4 . Then we can observe that the MCS solution for the system failure probability of 6.147· 10 −4 is clearly bounded by the narrow bounds. 
where 
Conclusion
In order to improve the narrow bounds of the failure probability of a series structural system, a point estimation method is proposed for calculating the joint probability of every pair of failure modes of the system. Based on the computational results of the illustrative examples, the following conclusions can be observed: 1. With the proposed point estimation of the failure probability for each pair of failure modes in a series structural system, the results of the narrow bound method can be improved. 2. When the correlation coefficient, =0, or = 1, the proposed method gives accurate solutions, whereas when 0 ϽϽ1, the present method yields results that are quite close to those obtained by numerical integration and are consistently located between the lower and upper bound solutions. 3. Sometimes accurate estimates of the reliability indices of the 5 . Variations of joint failure probability P f12 with difference between two reliability indices individual failure modes is necessary for determining the correct narrow bounds of the system failure probability. This is illustrated in Example 3. 4. The method of Feng͑1989͒ gives good results when the reliability indices for the pair of failure modes are the same; however, when the reliability indices of the two failure modes are different, Feng's method generally gives results that are below the lower bound for a relatively large correlation coefficient. Moreover, this error increases for a larger difference in the two reliability indices.
Appendix I. Crossing Index ␤ 0
According to Fig. 1 ,
In the triangle ⌬OBC, according to the cosine law
І Points O, A, B, C lie on the same circle with the center of the circle being at the midpoint of line segment OA. Ї In the same circle, ЄOAB= Є OCB.
In the triangle ⌬OAB, according to the sine law Therefore, according to Eq. ͑22͒, one obtains lim →1 P f12 = P f2 .
